We study the energy and momentum of an isolated system in the tetrad theory of gravitation, starting from the most general Lagrangian quadratic in torsion, which involves four unknown parameters. When applied to the static spherically symmetric case, the parallel vector fields take a diagonal form, and the field equation has an exact solution. We analyze the linearized field equation in vacuum at distances far from the isolated system without assuming any symmetry property of the system. The linearized equation is a set of coupled equations for a symmetric and skew-symmetric tensor fields, but it is possible to solve it up to O(1/r) for the stationary case. It is found that the general solution contains two constants, one being the gravitational mass of the source and the other a constant vectorB α . The total energy is calculated from this solution and is found to be equal to the gravitational mass of the source. We also calculate the spatial momentum and find that its value coincides with the constant vectorB α . The linearized field equation in vacuum, which is valid at distances far from the source, does not give any information about whether the constant vectorB α is vanishing or not. For a weakly gravitating source for which the field is weak everywhere, we find that the constant vectorB α vanishes.
§1. Introduction
Einstein concerned himself with the problem of energy and momentum for a system of matter plus gravitational field shortly after he proposed general relativity.
1) He introduced the well-known expression for the energy-momentum complex θ µ ν , which is referred to as a canonical expression and satisfies ordinary conservation law as a consequence of the gravitational field equation. For a closed system and for a restricted class of coordinates the quantities P µ obtained from the complex θ µ ν by integrating over spatial coordinates satisfy the following properties:
2),3) (1) They are constant in time, (2) transform as a 4-vector under linear coordinate transformations, and (3) are invariant under arbitrary transformations of spatial coordinates which tend to the identity transformation at infinity. Furthermore (4) the gravitational mass of the system is equal to the total energy. It has recently been shown that a characteristic property of energy thus defined is its positivity, reflecting stability of the physical system.
4)−6)

Møller revived
7) the issue of energy and momentum in general relativity, and required 8) that any energy-momentum complex τ µ ν must satisfy the following properties: (A) It must be an affine tensor density which satisfies conservation law, (B) for an isolated system the quantities P µ are constant in time and transform as the covariant components of a 4-vector under linear coordinate transformations, and (C) the superpotential U µ νλ = −U µ λν transforms as a tensor density of rank 3 under the group of spacetime transformations. The second property requires that τ µ ν around an isolated system should decrease faster than 1/r 3 for large values of the radial coordinate r. The last property is required in order that the four-momentum for any isolated system be a 4-vector under arbitrary spacetime transformations.
The canonical energy-momentum complex θ µ ν does not satisfy (C). An energymomentum complex that satisfies properties (A) and (C) was constructed, 7),9) but it was found later 10) that the property (B) is not satisfied. Lessner 11) discussed that although this result is inadequate from the viewpoint of special relativity, it may be adequate from the viewpoint of general relativity.
It is not possible to satisfy all the above requirements if the gravitational field is described by the metric tensor alone. 10) In a series of papers, 10),12),13) therefore, Møller was led to the tetrad description of gravitation, and constructed a formal form of energy-momentum complex that satisfies all the requirements. The metric tensor is uniquely fixed by the tetrad field, but the reverse is not true, since the tetrad has six extra degrees of freedom. In the tetrad formulation of general relativity, the tetrad field is allowed to undergo local Lorentz transformations with six arbitrary functions. The energy-momentum complex is not a tensor and changes its form under such transformations. Therefore, unless one can find a good physical argument for fixing the tetrad throughout the system, one cannot speak about the energy distribution inside the system. The total energy-momentum obtained by the complex, however, is invariant under local Lorentz transformations with appropriate boundary conditions.
13)
Møller also suggested another possibility that the tetrad field is uniquely fixed by means of six supplementary conditions. 12) In this case the underlying spacetime possesses absolute parallelism, 14) with the tetrad field playing the role of the parallel vector fields, which are allowed to undergo only global Lorentz transformations. The Lagrangian formulation of this tetrad theory of gravitation was first given by Pellegrini and Plebanski. 15) Hayashi and Nakano 16) independently formulated the same gravitational theory as a gauge theory of spacetime translation group. The Lagrangian was assumed to be given by a sum of quadratic invariants of the torsion tensor, which is expressed by first-order derivatives of the parallel vector fields. Its most general expression then involves four unknown parameters to be determined by experiment, which we denote here as a 1 , a 2 , a 3 and a 4 . The last parameter a 4 is associated with a parity-violating term. At first it was required that for the weak field case the gravitational field equation should reproduce the linearized Einstein equation. This restricted the parameters as a 1 + a 2 = 0 and a 4 = 0.
16),17) Møller 17) also suggested a possible generalization of the gravitational Lagrangian by including homogeneous functions of the torsion tensor of degree 4 or higher.
Hayashi and Shirafuji
18) studied the geometrical and observational basis of the tetrad theory of gravitation * ) assuming the Lagrangian to be invariant under parity operation, involving three unknown parameters a 1 , a 2 and a 3 . Two of these parameters a 1 and a 2 , were determined by comparison with solar-system experiments, while an upper bound was estimated for the a 3 .
†) It was found that the numerical value of a 1 + a 2 should be very small, consistent with being zero.
In the tetrad theory of gravitation, as far as we know, the total energy of an isolated system has been calculated only for spherically symmetric case. In the case a 1 + a 2 = 0 = a 4 , Mikhail et al. 21) found a static, spherically symmetric solution (b k µ ) in Cartesian coordinates with (b
for r→ ∞, and showed that the total energy does not coincide with the gravitational mass. This result was extended to a wider class of solutions with spherical symmetry.
22) An explicit expression was given for all the stationary, asymptotically flat solutions with spherical symmetry, which were then classified according to the asymptotic behavior of the components of (b Calculation of the energy of an isolated system was extended to the generic case (a 1 + a 2 )(a 1 − 4a 3 /9) = 0 under the assumption of spherical symmetry.
23) It was shown that linear approximation can be applied to the field equation at large spatial distances from the source, and that the calculated energy is equal to the gravitational mass of the source. When (a 1 − 4a 3 /9) = 0, however, the problem of energy of an isolated system is not yet understood well, even for the spherically symmetric case, since it is not always possible to determine the asymptotic behavior of the components (b It is the purpose of this paper to calculate the total energy and spatial momentum of an isolated system without assuming spherical symmetry. For this purpose we solve the linearized field equation at far distances up to order O(1/r). The general solution * They coined the name "new general relativity", because Einstein 19) was the first to introduce the notion of absolute parallelism into physics after he had constructed general relativity.
† For macroscopic matter, Nitsch and Hehl 20) proposed a tetrad theory of gravitation as the translational guage limit of Poincaré gauge theory. Their choice of the parameters corresponds to a 1 = −1/3, a 2 = 1/3, a 3 = 3/2 and a 4 = 0 in our notation.
has two constants. One of this is related to the gravitational mass of the source, and the other is a constant vector. We then show that the energy is always equal to the gravitational mass of the isolated system. In this sense the equivalence principle is satisfied in the tetrad theory of gravitation. It should be noted that our conclusion is based on the assumption that weak field approximation can be applied at far distances from the source. In the spherically symmetric case mentioned above, however, solutions are known for which the linear approximation does not work even far from the source because the components, (b In §2 we discuss the most general Lagrangian with a parity-violating term and apply its field equation to the static, diagonal parallel vector fields with spherical symmetry. We find that the exact solution for the parity-conserving case 18) satisfies the field equation. In §3 we construct the linearized form of the field equation in vacuum at distances far from an isolated system. Assuming that the system is stationary, we obtain the general solution of the linearized field equation in vacuum. In §4 we derive the superpotential from the general Lagrangian and calculate its components necessary for computing the total energy and momentum of the system, using the solution obtained in §3. The final section is devoted to conclusion and discussion. §2. Basic Lagrangian
In a spacetime with absolute parallelism the parallel vector fields (b
, from which the torsion tensor is given by
The curvature tensor defined by Γ λ µν is identically vanishing, however. Here Latin indices are raised or lowered by the Minkowski metric η ij =η ij =diag(−1, +1, +1, +1). The metric tensor is given by the parallel vector fields as
Assuming invariance under a) the group of general coordinate transformations, and b) the group of global Lorentz transformations, we write the most general gravitational Lagrangian density quadratic in the torsion tensor as † † Throughout this paper we use the relativistic units, c = G = 1. The Einstein constant κ is then equal to 8π. We will denote the symmetric part by ( ), for example, A (µν) = (1/2)(A µν + A νµ ) and the antisymmetric part by the square bracket [ ],
where a 1 , a 2 , a 3 and a 4 are dimensionless parameters of the theory, and t µνλ , v µ and a µ are the three irreducible components of the torsion tensor.
18), ‡
By applying the variational principle to the Lagrangian (4), we obtain the field equation:
with
where
Here L G = L G / √ −g, and L M denotes the Lagrangian density of material fields, of which the energy-momentum tensor T µν is nonsymmetric in general.
In static, spherically symmetric spacetime, the parallel vector fields take a diagonal form, and the field equation (5) can be exactly solved. The exact solution so obtained is the same as that obtained by assuming the invariance under parity operation. 18) This implies that the parameter a 4 has no effect when we use diagonal parallel vector fields having spherical symmetry.
In order to reproduce the correct Newtonian limit, the parameters a 1 and a 2 should satisfy the condition
called the Newtonian approximation condition, 18) which can be solved to give
in terms of a dimensionless parameter ǫ. Comparison with solar-system experiments indicates that |ǫ| must be very small. §3. Solution at far distances
In order to calculate the energy and momentum of an isolated system confined in a finite spatial region, we focus our attention to the solution at far distances from the source without assuming spherical symmetry. In such spatial regions far from the source, the gravitational field is weak and matter fields are not present: Thus, we are ‡ The dimensionless parameters κa i of Ref. 18 ) are here denoted by a i for convenience.
allowed to treat the linearized field equation in vacuum. For simplicity we assume that the whole spacetime is covered with a single coordinate system {x µ ; +∞ > x µ > −∞} with the origin being located somewhere inside the finite system. In spatial regions far from the source, the parallel vector fields can be represented as
and we assume that all the quadratic and higher-order terms of a k µ (or c k µ ) can be neglected in the field equation. Accordingly, we do not distinguish Latin indices from Greek indices for a k µ and c k µ : We use Greek indices which are now raised and lowered by the Minkowski metric η µν and η µν . ¿From the relation b
with a νµ = η νλ a λ µ and c µν = η νλ c µ λ . We decompose a µν into symmetric and antisymmetric parts,
with h µν = h νµ and A µν = −A νµ . The components of the metric tensor are written as
The antisymmetric part has no contribution to the spacetime metric, implying that it is associated with the intrinsic spin-1/2 fundamental particles.
Keeping only the linear terms and putting T µν = 0 on the right-hand side, we see that the symmetric part and the skew-symmetric part of the field equation (5) take the form
and
respectively, in spatial regions far from the source. Here the d'Alembertian operator is given by 2 = ∂ µ ∂ µ , h µν denotes
and A µν stands for the dual of A µν defined by
where ǫ µνρσ is the completely antisymmetric tensor normalized as ǫ 0123 = +1. It is clear from (17) and (18) that the symmetric field h µν and the skew-symmetric field A µν are coupled to each other unless the parameters satisfy the condition a 1 + a 2 = 0 and a 4 = 0. As is easily checked, the linearized field equations (17) and (18) are invariant under the gauge transformation
where the ξ µ are small functions which leave the fields weak. By means of this freedom we can require the gauge condition
which we shall assume henceforth. Then Eqs. (17) and (18) become
In order to calculate the total energy and momentum of the isolated system under consideration, it is enough to obtain asymptotic solutions of (23) and (24) 
which can easily be solved with respect to A µν to give
under the assumption that (a 1 + a 2 ) 2 +ã 2 4 = 0, or equivalently (a 1 + a 2 ) = 0 and/or a 4 = 0. We note that when this assumption is violated, the theory is reduced to the special case of Hayashi and Nakano 16) and Møller.
17)
We now assume that the system under consideration is stationary and that the system as a whole is at rest somewhere around the origin. Then h µν and A µν are time-independent. Rewriting (23) and (24) in terms of B µν , we have after a slight modification ∆h = 0,
where we have introduced f 1 , f 2 and f 3 by
We note that except for ∆B 0α and ∆B αβ Eqs. (30)∼(33) involve B 0α and B αβ only in the form of 3-dimensional divergence.
According to (25) with (26) the divergences, B 0α,α and B αβ,β , satisfy the Laplace equation, and therefore, they are given up to O(1/r 2 ) by
whereB α is a constant vector, andF αβ is a nonsymmetric constant tensor. Here the radial unit vector n α is defined by n α = x α /r without making distinction between upper and lower indices. We have omitted from our consideration the possibility that the leading terms of the solutions (37) and (38) begin from O(1/r). This is because if, on the contrary, they begin from O(1/r)-terms, Eqs. (30)∼(33) will have no solutions of h µν and B µν which tend to zero for large r. Since B αβ is by definition antisymmetric with respect to α and β, the constant tensorF αβ must be of the form
withF being the trace. With the help of (37) 
whereG αβ is a symmetric, constant tensor. Applying the condition (22) to h αβ of (40), we see thatG αβ is given bỳ
SinceG αβ is symmetric, Eq. (41) implies
As for the field equation for B αβ we note that the second term on the left-hand side of (33) vanishes owing to (39) and (42). Applying the same procedure to (33), we obtain
where we have assumed that the constant f 1 of (34) is nonvanishing. HereH αβ is an antisymmetric constant tensor to be fixed by the relation (38): We havè
the latter of which together with (39) and (42) implies that B αβ,β vanishes up to
We can analyze the field equations for h 0α and B 0α in the same manner. We here summarize the asymptotic solution up to O(1/r) for h µν and B µν as follows:
where p is an unknown constant andB α is an unknown constant vector. From (19) and (27), we obtain the most general expression for h µν and A µν up to O(1/r)
The covariant components of the parallel vector fields are then represented up to O(1/r) by b
with m being a constant given by
Thus the parallel vector fields are asymptotically characterized by the constant vector B α besides the constant m at large spatial distances from an isolated, stationary system. The constant m can be interpreted as the gravitational mass of the source, as seen from (53). The physical meaning of the constantB α will become clear when we calculate in the next section the total energy and momentum of the isolated system.
The parallel vector fields of (58)∼(61) are not spherically symmetric because they involve the constant vectorB α . This is to be contrasted with the metric in general relativity, which is governed by the Einstein equation. 24) More precisely, if one selects a system of coordinates with respect to which the isolated system is as a whole at rest, and if one neglects gravitational radiation by the system, the Einstein equation requires that the metric is spherically symmetric and static up to O(1/r) for large r. We note, however, that whenB α = 0, the parallel vector fields (58)∼(61) reduce to the static, spherically symmetric solution expanded up to O(1/r).
We have been assuming that the parameters satisfy (a 1 + a 2 ) 2 +ã 2 4 = 0 and f 1 = 0. Now that we have obtained the solution of (b k µ ) up to O(1/r), we can study the limiting cases a 4 = 0 = (a 1 + a 2 ) and (a 1 + a 2 ) = 0 = a 4 . In both cases we can use A µν directly instead of B µν . In the case a 4 = 0 and (a 1 + a 2 ) = 0, we can further take the limit (a 1 + a 2 ) → 0: It is easy to check that the resultant h µν and A µν satisfy Eqs. (23) and (24) with (a 1 + a 2 ) = 0 and a 4 = 0. In case (a 1 + a 2 ) = 0 and a 4 = 0, on the other hand, it is possible to take limit a 4 → 0 only when (a 1 − 4a 3 /9) → 0 is taken simultaneously. The resultant theory is just the tetrad formulation of general relativity. §4. Calculation of energy and momentum
Since the total Lagrangian is a scalar under general coordinate transformations, the total energy-momentum complex (T µ ν +t µ ν ) is represented as
with the superpotential U µ νλ being antisymmetric in ν and λ. Here t µ ν is the canonical energy-momentum complex for the gravitational field derived from the gravitational Lagrangian density (4).
22) The superpotential U µ νλ is given by
which satisfies the Møller condition (C). Since we have solved the field equation approximately at far distances, it is better to rewrite the superpotential (64) in the asymptotic form 
The gravitational Lagrangian is assumed to be a quadratic invariant of the torsion tensor, and accordingly the canonical complex t µ ν behaves as O(1/r 4 ) at far distances since the parallel vector fields are asymptotically given by (58)∼(61). Thus, the Møller condition (B) is also satisfied, and the energy and momentum are transformed as a 4-vector. Now let us calculate the energy by using the asymptotic form of the parallel vector fields. The necessary components of the superpotential are given by
where we have used the Newtonian approximation condition (10) to rewrite the first term inside the square bracket. It is easily shown that Eq. (68) satisfies U 0 0α ,α = 0 up to O(1/r 3 ) as it should. Using (68) in (66) we find that the last term of (68) does not contribute to the integral and that the energy is given by
This shows that the most general Lagrangian (4) including a parity-violating term is consistent with the equivalence principle.
Next, we turn to the spatial momentum P α . The necessary components of the superpotential are given by
Taking the divergence of (70), we find that U α 0β ,β = 0, which means that the leading term of the U α 0β ,β is of O(1/r 4 ), as it should. Now we are ready to calculate the spatial momentum to determine if it is vanishing or not. Using (70) in (67), we find after a lengthy calculation
which shows that the constant vectorB α has the physical meaning of the spatial momentum of the isolated system.
Since the isolated system is assumed to be stationary and as a whole at rest near the origin, its spatial momentum should be vanishing, and hence the constant vector B α must be zero. This means that the divergence B 0α,α should be at most of O(1/r 3 ) for parallel vector fields at distances far from a stationary, isolated system. As we have seen in the previous section, however, such an asymptotic behavior of B 0α,α does not follow from the linearized field equation in vacuum. Accordingly the asymptotic condition, lim
must be imposed by hand, in addition to the condition (12) (or (13)). By contrast, as we noted below (45), the linearized field equation implies the condition B αβ,β = O(1/r 3 ).
The asymptotic condition (72) is indeed satisfied when the gravitational field is weak everywhere and the linearized field equation, which is just given by Eqs. (17) and (18) with the right-hand sides being replaced by κT (µν) and κT [µν] , respectively, is valid throughout whole space. Here T µν is the energy-momentum tensor in the special relativistic limit and satisfies the conservation law ∂ ν T µν = 0. Multiplying both sides of the linearized field equation by ∂ ν , and using the conservation law, we obtain the inhomogeneous Laplace equation for B 0α,α
where S µνλ is the intrinsic spin tensor of the source, and we have used the Tetrode formula T µν = (1/2)∂ λ S µνλ in the last step. For an isolated system confined to a finite spatial region, the solution B 0α,α of (73) is of O(1/r 3 ) for large r.
In the parity-conserving case with a 4 = 0 it is more convenient to use A 0α and A αβ directly. Writing the asymptotic form of A 0α,α , which satisfies the Laplace equation, as B α n α /r 2 , Eq. (71) reads
As explained at the end of §3, the solution of h µν and A µν has a well-defined limit when we put a 4 = 0 and then (a 1 + a 2 ) = 0. Although the resultant solution involves the constant vector B α , the total spatial momentum is vanishing as is shown in (74). This situation can be understood as follows. In the special case (a 1 + a 2 ) = 0 = a 4 , the linearized field equation for A µν is decoupled from that for h µν , and therefore, the former equation is invariant under the gauge transformation
with ζ µ representing arbitrary small functions. We can use this freedom to choose a gauge in which A 0α and A αβ are vanishing up to O(1/r). Thus, in this special case, the constant vectorB α is unphysical and can be eliminated by a gauge transformation. §5.
Conclusion and discussion
We have studied the energy and momentum of an isolated system in the tetrad theory of gravitation, starting from the most general Lagrangian that is quadratic in torsion and involves four unknown parameters a 1 , a 2 , a 3 and a 4 , the last of which is associated with a parity-violating term. As a first application we considered the static, spherically symmetric case, where the parallel vector fields take a diagonal form. The solution of the field equation in vacuum is found to be the same as the exact solution of the parity-conserving case with a 4 = 0.
18) This is due to the fact that the axial-vector part of the torsion tensor is identically vanishing for diagonal parallel vector fields.
The total energy and momentum of an isolated system are expressed by a surface integral over a large closed surface enclosing the system. It is then sufficient to know the asymptotic form of the parallel vector fields at distances far from the source, where the gravitational field is weak. In view of this, we analyzed the linearized field equation in vacuum which follows from the most general gravitational Lagrangian.
It is well known that in general relativity the Einstein equation ensures that the metric tensor at far distances is the same as the Schwarzschild metric up to O(1/r) for any isolated stationary system. This is usually shown 24) by solving the linearized Einstein equation in vacuum, which is the Laplace equation in stationary case and can easily be solved.
In our case, the linearized field equation in vacuum consists of 16 equations for the symmetric field h µν and the skew-symmetric field A µν , and is invariant under a gauge transformation, which allows us to impose the harmonic condition on the h µν . It is found, however, that the symmetric part and skew-symmetric part of the linearized field equation are coupled with each other unless the parameters satisfy a 1 + a 2 = 0 = a 4 . Nevertheless, we can solve the coupled equation up to O(1/r) assuming that the parameters satisfy (a 1 + a 2 )
2 + (a 4 /3) 2 = 0 and (a 1 + a 2 )(a 1 − 4a 3 /9) + (a 4 /3) 2 = 0. It is found that the general solution has two constants, the gravitational mass m and a constant vectorB α . The general solution of the linearized field equation up to O(1/r) is, therefore, not spherically symmetric, due to the precense ofB α .
Using the definition of energy-momentum complex given by Møller, 12) we derive the superpotential U µ νλ from the general Lagrangian. It transforms as a tensor density under general coordinate transformations. Using the general solution obtained, we give an explicit expression for the components U 0 0α and U α 0β , which are shown to be divergenceless up to O(1/r 3 ), implying that the leading term of the divergence of those components is of order O(1/r 4 ).
From the components U 0 0α we calculate the total energy, and show that the result is equal to the gravitational mass of the isolated system, i.e. E = m. Using the components U α 0β , we then calculate the spatial momentum, and find that P α =B α . Thus, we arrive at the result that the general solution at far distances is characterized by the total energy and the spatial momentum of the isolated system under consideration.
The asymptotic solution with vanishingB α is acceptable as a description of the parallel vector fields far from a stationary isolated system which is at rest as a whole. It indicates that the total momentum of the isolated system at rest is vanishing. The asymptotic solution coincides with the exact solution with spherical symmetry up to O(1/r).
It
is not yet clear whether or not the asymptotic solution withB α = 0, actually describes the asymptotic behavior of exact solutions. Such exact solutions, if they exist, should describe exotic systems which have nonvanishing total momentum although at rest as a whole.
The vanishing of the constant vectorB α implies that the divergence B 0α,α of B 0α = (a 1 + a 2 )A 0α + (a 4 /3)A 0α behaves at most as O(1/r 3 ) for large r. This asymptotic behavior does not follow from the linearized field equation alone. By contrast, the asymptotic behavior of B αβ = (a 1 + a 2 )A αβ + (a 4 /3)A αβ is more severely governed by the linearized field equation: In fact, it is shown that B αβ,β vanishes up to O(1/r 2 ).
For a weakly gravitating source, for which the field is weak everywhere and the weak field approximation can be applied, we can show that B oα,α behaves as O(1/r 3 ). For the fully relativistic case we do not know the reason why B oα,α should behave in this manner. Therefore, further study is required to establish the asymptotic condition of the parallel vector fields, in particular, of the skew-symmetric field A µν .
The study of the weak field case also needs more investigation. Although in the present paper we solved the linearized field equation for the stationary case, the same procedure may be applicable also for the time-dependent case. This will be studied in future work.
The present analysis is based on the assumption that the linearized theory can be applied at distances far from the source. The solution obtained by Mikhail et al. 21) which violates E = m, does not satisfy this assumption. It can also be shown that their solution does not satisfy the Møller condition (B), because the divergence U α
0β
,β
is O(1/r 5/2 ) for their solution.
